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Cu , Abstract. An inhomogeneous (l+l)-dimensional model of the quantum gravity is 

considered. It is found, that this model corresponds to a string propagating against 
some curved background space. The quantization scheme including the Wheeler- 
DeWitt equation and the "particle on a sphere" type of the gauge condition is 
. -. suggested. In the quantization scheme considered, the "problem of time" is solved 

^i by building of the quasi-Heisenberg operators acting in a space of solutions of the 

.' . ■ Wheeler-DeWitt equation and the normalization of the wave function corresponds to 

&0 the Klein-Gordon type. To analyze the physical consequences of the scheme, a (1+1)- 

dimensional background space is considered for which a classical solution is found and 
Cs| ■ quantized. The obtained estimations show the way to solution of the cosmological 

^ . constant problem, which consists in compensation of the zero-point oscillations of 

^vj I the matter fields by the quantum oscillations of the scale factor. Along with such a 

^S| ■ compensation, a slow global evolution of a background corresponding to an universe 

Cn , expansion exists. 

o 
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1. Introduction 

The generally covariant canonical quantization of gravity has been proposed in [HE]. 
As a result, the well-known Wheeler-DeWitt (WDW) equation has been obtained from 
the Hamiltonian formulation of the general relativity theory (GR). The main problem 
preventing a further development of the canonical quantum gravity is an absence of 
explicit evolution that is a consequence of the Hamiltonian constraint (e.g., see [BHT]). 
It is well-known, that the string theory [8l[9] has the Hamiltonian constraint, as 
well, but it does not face the "problem of time" . The point is that either the equations 
of motion are quantized (in the covariant approach) or the time- dependent gauges 
are used (in the light-cone approach) in the quantized string theory. From the other 
hand, the WDW equation is not used in the string theory although this possibility was 
discussed [9l[T0]. A thought suggests itself, that the quantization of the equations of 
motion can be suitable also in the quantum gravity and, at the same time, the WDW 
equation can make sense for some kinds of strings. 
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In our previous works [111112], we have demonstrated the quantization scheme 
including both quantization of the equations of motion and the WDW equation for 
a minisuper space modeL The ideology of quantization is quite similar to that in 
the string theory, where some time-dependent gauge is used, except the fact that 
the gauge is not imposed at all times but only at the initial instant and thereafter 
it is permissible for operators to evolve in accordance with the equations of motion. 
Another distinctive feature of the method proposed is that the evolvable operators (so- 
called, quasi- Heisenb erg operators) act in a space of the solutions of the WDW equation, 
which are normalized in the Klein- Gordon style. Here we extend the quasi-Heisenberg 
quantization scheme to the string in the curved background space that can be treated 
as an inhomogeneous (l+l)-dimensional toy model of the quantum gravity. 

2. Model of a spatially inhomogeneous gravity 

We shall follow a heuristic method to obtain a spatially inhomogeneous gravity model 
in two space-time dimensions. The Lagrangian for a gravitation and a scalar field (p can 
be written in the form 

S = -^ y gV^d^'x + -j {d,4>g>^-'d,4> - m'<p')V^d\ (1) 

where Q = g"^ {^ai^^Jip ~ ^a/s^'lp) i^^l ^^^ ^p i^ the Planck mass, which is chosen as 

If one restricts a metric to the form 

ds^ = a^T, r){N\T, r)dT^ - dr^), 
the resulting Lagrangian becomes: 

/ (2) 



2M? 



mV02) + ^V ■ {aVaN)\d^r, 



where a prime denotes a derivative over the time. 

The last term in Eq. ([2]) can be omitted as a total divergence. The variation with 

respect to A^ gives the Hamiltonian constraint: 

1 / A/f2(i'*^ 9A/f2 /A'2 \ 

n = \ [-^ - MliVaf + ^V ■ (aVa) + a^^ + a^V^f + mV^^j = 0.(3) 

Hereinafter, let us consider the conformal time gauge N = 1. The term 

T^V ■ (oVa) in Eq. (|2]) does not affect the equations of motion, which have the 

form 

My - M^V^a + a (0'^ - (V^)^) - 2a''m'(t)^ = 0, (4) 

0" + 2-0' - i-V ■ (a2V0) + a^m^cj) = 0. (5) 

a a^ 
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Then, the time evolution of the Hamiltonian constraint can be expressed as: 

drH = V ■ V, (6) 

where the momentum constraint is V = —Mpa''Va + a^0'V(/). On the contrary, the 
time derivative of the momentum constraint is not expressed through 'H and V. Thus, 
this system does not belong to the fist kind one jTJHTG] unlike GR. Nevertheless, if one 
considers an (H-l)-dimensional analog of ([2]) with a massless scalar field 




2 J \ m P \daj 

{a denotes the only spatial variable), the Lagrangian ([7]) proves to correspond to a string 
propagating against some curved background space and, thus, it gives a completely self- 
consistent system of constraints like that of GR. 

3. Connection with the string theory 

It is believed that the superstring theory shall include the GR. Nevertheless, one may 
try to connect the string theory with the GR directly by means of reduction of the GR 
Lagrangian on assumption that the space-time has some symmetry [T7] . In the present 
work, we shall demonstrate that the Lagrangian ([7]) with a nonuniform scale factor 
describes a string against a curved background. Such a string model can be interpreted 
as an inhomogeneous toy model for the quantum gravity. 

Let us write the standard form of action for a bosonic string [8] in a background 
space 

S = j SiV^h-\i)d^X^dpX^g,,{X{i)), (8) 

where ^ = {r, a}. The metric tensor h^j^i^) describes the intrinsic geometry of a (1+1)- 
dimensional manifold and g^j,{X{E,)) describes the geometry of a background space. 
Variation with respect to hap{C) leads to the constraints [8]: 

^^ T^p = d^X^dpX'^g.^iX) - h^^h^'^d.X^d^X'' g^,{X) = 0. (9) 



If one takes X^ = {a, 0}, the metric tensor h^^iy in the form of 

-N'^ + Nf Ni 
Ni 1 

and the metric tensor g^^{X) of a background space as 

Mp2 
-a 

it results in the Lagrangian for the (l+l)-dimensional model 



9=1/ „2 I . (10) 



^'L.2f,, NC-\ , „,a.aa'iV, ,,„«" 



g^aUN-^^M^-^j^-Mi^^ 



'''^■^'^^Via=a,,= fi|!-A^V^)<'- (11) 



N 2 " V A^ 2N 



An inhomogeneous toy model of the quantum gravity 4 

The substitutions oi Ni = and A^ = 1 into (TTTl) reduces it to ([7]). Thus, the constraints 
dH]) become the Hamiltonian and momentum constraints of the model considered. 

In a more general case, one may consider a number of scalar fields besides the scale 
factor a, i.e X = {a, 0i, 02, • • • 'Pn} and take the background metric tensor 

g,,{X) = diag{M2, -a\ -a^ . . .}. (12) 

Let us denote a = In a and rewrite the Lagrangian ([7]) in the terms of a and a set 
of scalar fields : 

L = IJ^'" {-My + 0" + M|a«)2 - (9.0)2) da = 0, (13) 

where = {0i, 02 • • • 4>n}- The relevant Hamiltonian and momentum constraints iQ, 
written in the terms of momentums 7r(o") = j^/H: = e^"^' and Pa{<^) = — ^^n„) = 
Mp e^^a' take the form of 

na) = ie-2" {-pI/M'p + Tz') + e'" {-M',{d^af + {d„4>f) = 0, (14) 

V{a) = —padaQ + TTdfjCf) = 0. (15) 

The constraints algebra demonstrates that there are no new constraints: 

{H(a), n{a')} = {V{a) + V{a'))5\a - a'), 
{Via),Via')} = (Via) +Via'))5'ia - a'), 
{V{a),H{a')} = {U{a) + H{a'))5'{a - a'), 

where 5' {a — a') is the derivative of the Dirac delta- function, and the Poisson brackets 
are implied: 

{Aia),Bia')}^ [(-^'-^ + '^^^^'^^^'^ 



A 6A{a) 6B{a') 6A{a) 6B{a') \ ^^^^ 

The next step is the quantization of the model presented. It is known, that the 
string theory demands X^ to have the critical dimension, which is of 26 for a bosonic 
string. Nevertheless, even for the critical dimension, one cannot expect that the string 
theory gives a satisfactory quantization of the model against a curved background. 
The point is that the string theory provides a consistent quantization only if the Ricci 
tensor R^^{X) of the background metric 5f^y(X) equals to zero [HI [18]. For g^y given 
by (fT2|) . it is nonzero if the dimension of X^ is higher than two (the scalar curvature 
is constant in the case considered). However, it was stated [Hl[lH] that an inclusion of 
some other fields (e.g., dilaton) leads to the standard Einstein equations R^^{X) ^ 
for the background metric and it can be considered as a new principle of derivation of 
the Einstein equations |18j. 

It should be noted, that the string representation arises in our paper in a quite 
different context than the ordinary one (in particular, as used in [ITj). In our model 
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the background space is an isospin-like space determined by the number of scalar 
fields (matter degrees of freedom, whereas the physical space, where the observers 
and detectors could be situated) is a (r, a)— space. On the contrary, the ordinary 
string theory considers a background space as "physical" one, whereas a (r,cr)— space 
corresponds to "internal degrees of freedom" . Thus, the quantization resulting in the 
dimension constraints for a background space (i.e., for a number of matter fields in our 
case) can be hardly acceptable in the model considered. In the next section, we shall 
present the quantization scheme for i?^y(X) 7^ and a background space without any 
dimension constraints. 

4. Quantization 

4.I. Relativistic "fluid" on a sphere 

The minisuperspace model presented in [II1[12] demonstrates that the quasi- Heisenberg 
quantization consists in the following: one has to set the initial values for the operators, 
which evolve in accordance with the operator equations of motion. The question is to 
construct the representation for these operators and the space where they act. In our 
approach this problem is solved by consideration of the Hamiltonian constraint as the 
WDW equation and choice of the plane a = for normalization of a wave function in 
the Klein-Gordon style. In the general case, the momentum constraint is also should 
be taken into account. This requires to impose one additional gauge condition. The 
light cone gauge [8l[T9] is widely used in the string theory. Since it contains necessarily 
a nonzero mean momentum, it is hardly acceptable for our isotropic cosmological-like 
model. Thus, it is necessary to propose some new gauge. The hint arises from the form 
of the momentum constraint, which reminds that in the theory of a particle moving on 
a sphere [20H23|. 

At first, let us consider a simpler problem described by the Hamiltonian 

H = ^i-pl+p') = 0, (17) 

which is similar to that of a massless relativistic particle. 

The analog of the momentum constraint can be writing as 

P = -xopo+pr = 0, (18) 

where p= {pi,p2 . . -Pn}, r = {xi,X2 . . -Xn}- 
The constraint algebra is 

dpo dxo dxo dpo dp dr Or dp 
Let us take the gauge condition in the form of 

A=-xl + r'^ -R^ = 0, (20) 

where R is some constant. 
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The first step is to formulate tlie WDW equation. Tlie momentum constraint 
and tlie gauge condition allow excluding one of the degrees of freedom, for instance, 
the coordinate xn and the momentum p^. Let's denote 11 = {pi,p2 ■ . -Pn-i} and 
X = {xi,X2 ■ ■ -Xn-i}- Then 



Xn 



QjR^ + xl-X' 



(21) 



PN = & {xopo - X Tl)l\lR^ + a;g - Ar^ (22) 

where G takes the values ±1. The coordinates X and B correspond to the vertical 
plane projection of a sphere shown in Fig. [1] The value B = 1 corresponds to the upper 
semisphere and B = — 1 corresponds to the lower one. 




Figure 1. Vertical plane projections of the points on a sphere. 



Substitution of the above quantities into f ITTj) results in 

0. 



-p^ + tf+(^°"°-^'^)' 



(23) 



i?2 + a;2 _ p^l 

Further, we shall take an interest only in the region of xq — )■ and i? — ?• oo, where 
the asymptotic of Eq. (!23|) takes the form of 

- p^ + n^ = 0. (24) 

Obtaining of the WDW equation consists in the postulation of 



Po = ^ 



d 
dxo' 



n 



. d 
'dX' 



that results in 



g2 



&" 



dxl dX^ 
The wave packet solution [lll[l2] i^ 



^(xo,B,A') = 0. 



^(xo,Ar,B) = /"c(fc,B)e-'l*'l^«+''='^rf^-^fc, 



(25) 



(26) 



X In the general context, an analog of the plane waves on a sphere [24l[27] can be used 
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where c(fc, 6) = Co(fc) + 6 Ci(fc). 

A mean value of an arbitrary operator A is given by 



e=±i 



d 



<vi/|i(xo,e,Ar,n)|M/>=- J] [^*{xo,e,x)D'/^AD-'/'---^{xo,Q,x) 



^vl/*(a;o, e, X)\ D-'/^A D 1/4 vl/(a;o, 6, X)\ d 



dxo 



XQ— >-0 



(27) 



dx^ 



where D is the operator D - 

In the momentum representation of the wave function 

the mean value of an operator is given as 



<A>-- 



e=±i 



c*{k, e)e^l'^l"»i(xo, e, i^, k) c{k, e)e-'l'=l"° d^-^k 



xo^O 



(28) 



The equations of motion follow from Eq. (TT7|) via the Hamilton- Jacobi equations 



^ = {H,Xi], ^ = {H,pi] and take the form of 



0. 



(29) 



dr l-'-'J-^iJ) (It 

dxi dxo dpi dpo 

dr dr dr dr 

We shall consider them as the operator equations. For more complicated systems, some 
operator ordering could be needed. 

Now one has to assign the initial values for the quasi-Heisenberg operators. In our 
model, they are build according to the Dirac rule for the full set of constraints and 
gauge conditions but only at the initial moment of the proper time r. The full set of 
constraints at r = is F = {H,P,A,B}, where the gauge condition B = xq suggests 
Xo(0) = 0. This gauge condition is taken to adjust the commutation rules for the initial 
values of quasi-Heisenberg operators to the hyperplane xq = 0, where a wave function 
is normalized in the Klein-Gordon style in accordance with Eqs. fl27|) . fl28l) . 

The Dirac matrix consists of the Poisson brackets of constraints and the gauge 
conditions 



M„^ = {F„, Fp} 



that leads to 



M 



dFa OF, 



N 



P ^ dFa dFp ^ UTa Urp 



+ 



aF„ dF, aF„ dF. 



/3 



dpQ dxQ dxo dpo 



dpj dxj dxj dpj 



(30) 



/ 



V -Po 



po\ 

2i?2 

-2i?2 

y 



(31) 



The inverse matrix M ^ is evident and we can calculate the Dirac brackets 
{Pi, Xj}d = {Pi, Xj} - ^{Pi, F,^}Mj{F^, Xj}. 

a, (3 



(32) 
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The corresponding commutation relations at r = can be obtained by multiplication 
of the right hand side of Eq. fl32|) by (— z) that results in 

^/(0)%(0 )' 

i?2 



[pi{0),xj{0)] = -t{6ij 



[x0),xM] = 0, \pi{o),Pjm = -^s {pi{o)xM - Mo)pjm , 

2 / ^ ^ \ f33) 

[p2(0),x,(0)]=-z — ^U,(0)5^x^(0)-%(0)5^p^(0)x„(0) , 

2 / TV N 

[Po(0),P,(0)] = -t^Six,{0) ^p^(O) -p,(0) ^]5„(0)x„(0) 

where symbol S denotes symmetrization of the noncommuting operators, i.e. S{AB) = 
1{Ab + BA) or S{ABC) = 1{ABC + BAC + ACB + ...). Certainly, the quantity 
a;o(0) = is c-number and commutes with all operators. 

Realization of the commutation relations is represented as 



,{a) = eVW^^\ p^{a)^ts{^^l^^[x^^ 



Xn[^j — v^ V -ii- •- , /^jvv"; — i- (-^ 1 ^r, \ '•- r^ .,_, I ( , f'^zl'i 



Po(0) 



TV 






Let us emphasize, that all commutation relations and constraints are satisfied as 
the operator equalities (i.e. strongly) at the initial time if the symmetrized quantum 
version of V{0) = S [J2j=iPji^)^ji^) ) is implied for the V constraint. 

Now one can solve the equations of motion fl29|) with the above initial conditions 
( l34l) and calculate the mean values of operators according to ( 1271) , ( l28l) . 

It is essential, that Eqs. (l34l) can be simplified in the vicinity of i? — )• oo: 



%(0) = xj, p,(0) = -z — , J G {l,iV- 1}, 



£7v = ei?, p^(0) = z ^5 ( AT- 



(35) 



R \ dX 

4-2. Quantization scheme for the string in a (1+N)- dimensional space 

We intend to quantize the string in a curved background space by close analogy with 
the quantization of the "fluid" on a sphere. Let's take the gauge condition in the form 
of 

A = e2° {-M^id^af + (9.</>)2) - A^ = 0, (36) 
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where A is some constant. In fact, we equal the part of Hamiltonian density to A^ at 
the initial time. 

Let's n = {vTi, ii2 ■ ■ ■ T^N-i}, ^ = {01, 02 • • • <pN-i}, then (j)^ and tttv are expressed 
through the momentum constraint (TT5|) and the gauge condition (l36|l as 



d^M^) = e(a) JA2e-2" + M^id^ay - (9.$)2, (37) 



7rjv(cr) = 9(cr) . ^, (3^ 



^A2e-2° + M2(5,a)2-(9,$) 

where Q{cr) is the piecewise function taking the values ±1 such that ©^(a) = 1. 
Substitution of Eqs. ([ST]),® to ([H]) leads to 



{Padaa - Uda^ 



\2 



The asymptotic of Eq. fl39|) in the vicinity of a;(cr) = ao ~^ —oo is 

e"'° {-pI/MI + n^) = 0. (40) 

Hence, the quantization leads to the WDW equation 

^[a,e,$] = 0, (41) 



M2 fe(CT) \6'^^{a 

where yttt denotes the functional derivative. 

The solution of Eq. (1411) is the functional, which can be written as 

*|a..e.*i^/q,c.eie/<---.,<..,...<...),..p;c. 

where / . . . VK, denotes a functional integral. 



(42) 



A mean value of an arbitrary operator can be evaluated as [TTlfT2l[28] 
\oa{a) ) J 



(43) 



a{cF)=ao^t—oo 



52 



where D{a) - j^^^. 

The classical equations of motion obtained with the help of the Poisson brackets 
(TT6|) are written as 

4)"-d„„4) + 2a'4)'-2d,ad,4> = {], 

(44) 
My-Mld,,a + Mla'^-Ml{d,af + cj>'^-{d,cj>f = Q. 

Again, we shall consider these equations as the equations for the quasi-Heisenberg 
operators. One has to write the initial conditions for these equations and to choose the 
operator ordering in ( l44l) . 

The additional gauge condition corresponding to the choice of the hyperplane 
a{a) = tto "^ 00 in Eq. (H3|) is 

i3 = a(0,a)-ao = 0, (45) 
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where ao is c-nuinber which will be tended to minus infinity. Thus, there are two 
constraints H, V given by Eqs. flT^ . f lTSj) and two gauge conditions A , B given by 
Eqs. (l36ll . ( H5l) . which are imposed at r = 0. This allows calculating the Dirac brackets 
and obtaining the commutation relations at the initial moment of time. However, since 
it is necessary to know a representation of operators only in the vicinity of ao — )■ — cxo 
where the radius of a sphere is Ae~°° and , thereby, is infinitely large, one can write by 
analogy with (l35l) 

0(pj 

0;v(O, a) = A{a) A e""", 7r;v(0, a) = i ^^S {^{a) 



Ae-°o V 5^{(y)J ' (46) 



d(0, a) = ao, Pa{0, a) = Mp, 



N 

5^7^|(0,a)+exp(2ao)A^ 

i=i 

where A((t) is the piece linear function such that 0(cr) = 9o-A(cr). The initial values of 
time derivatives of the scale factor logarithm and scalar field are expressed through the 
momentums given by (H6ll as a'{Q,a) = e~'^°°pa{0,a) and 0^(0,0") = e~^""7rj(0, a). 

The last step is to choose the operator ordering in the equations of motion dH]). 
This problem is closely related to the constraint evolution. Heretofore, it was guessed 
that the constraints are satisfied only at the initial moment of time. One can ask 
whether the constraints will be satisfied during an evolution. Below we prove that if the 
symmetric (Weyl) ordering is chosen in the expressions for the constraints then there 
exists the operator ordering for the equations of motion, which preserves the constraints 
during an evolution. 

One needs to extend the symmetrization operation S used in (!33|) to a more general 
non-polynomial case [29l[30]. Let's there is an arbitrary function f{xi,X2, ■ ■ -Xn) of n— 
variables. Then one can define the formal Fourier transform 

/(Ci, C2 . . . Cn) = 7^ J fix,, X2, . . . x„)e-^(^i^^+^^«-^'"^")da:i . . . dx^. (47) 

The symmetrized function of the noncommuting operators Ai, ... An is defined as 
5(/(ii, A2... i„)) = J /(Ci, C2, . . . Cn)e^^^^^^+^^^"-^"^"^ciCi . . . dCn. (48) 

The remarkable formula for the differentiation of the symmetrized function exists [30] 



7 I JL, rl A 

5(/(ii(t), A^it) . . . i„(t))) = S(J2-^ d,f{A,{t), A^it) . . . i„(t)) ) , (49) 



dt \ ^-^ dt 

j 



where djf{xi,X2...Xn) denotes a partial derivative of the function / over the 
j— argument. Let us define the operator constraints as 

V = S f e'" {-Mia' d^a + ^' d„$) ) . (50) 



(51) 



(52) 
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Then, let's calculate the quantities d^j'H, d^V, dri-L and d^V with the help of Eq. (HUI) 
and consider the following equations 

drU - d,V = 0, 

drV - d^n = 0, 

as two operator equations of motion, namely: 

+e2'^0' [4)" - d^^4> + 2a' 4)' - 2d^ad,$)^ = 0, 

s[-d,a e'" [ula" - M^d^^a + M^a'^ - Ml^d^af + 0'^ - {d^^f) 

+e^^d^^ [(j>" - d^^(j) + 2a' (j)' - 2d^a 9,0)) = 0. 
The remaining operator equations of motion can be written as 

0;' - d^J, + 25(d'0;) - 2S{d,a djj) = 0, J G {1, N - 1}. (53) 

Eqs. ( l52l) result in the constraint evolution in accordance with Eqs. ( ISTl) . The lasts 
have a trivial solution if and only if initially "H = 0, "P = . Thus if the constraints were 
satisfied initially, they will be satisfied during an evolution. It should be emphasized, 
that Eqs. fl52l) . fl53l) are completely equivalent to Eqs. (j4^ for the commuting quantities 
(i.e., in the classics). 

Thus, we have formulated an exact quantization scheme consisting of the equations 
of motion (152|) . (153|) . the initial conditions for the operators (146|) and the formula (l43ll 
for calculation of the mean values. A distinctive feature of this scheme is quantization 
of the scale factor entangled with other degrees of freedom through the initial condition 
for the momentum Pq{t, a). 

It would be interesting to consider the physical consequences of such a scale factor 
quantization. The main problem is to solve the operator equations of motion. For the 
minisuperspace model, this problem has been solved numerically [Ill[T2] by using the 
Weys symbols of operators. The problem becomes simpler if a system possesses an 
analytical solution. For a string against a background, the closed form of solution can 
be found only if a background space is (1 + l)-dimensional. But in this case, there exist 
no independent degrees of freedom and the solutions are piecewise function like Q{cr) 
and A(a) [3l]. 

4-3. Some estimations for the string in a (1+1)- dimensional background space 

To estimate the physical consequences of the model considered, let's consider, as before, 
the string in a (H-l)-dimensional background space. In order to preserve at least one 
real degree of freedom in this case, it is necessary to weaken the constraints. 
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The analytical solutions of the equations of motion f l44p can be written as 

1 r /I 1 ^ ^ 1 1 I , \ p-2ao r<^+T 



(54) 



/ 1 1 1 1 p~2qo rcr+T , s -. 

_ln(ie-^-(-^-) + ie-^-(-+-) + i_y^ ^ (k(0| - vr(0)e-^^^«)rfe) }, 
a(r,a) = ^{ln(^e^^('^-^) + ie^-('^+^) + '^ [^^ ^<^^ + 1^(01)^^"^^^^^) 

where the following initial conditions are taken 

0(0,(7) = V5((x), a(0, or) = ao = const, 

0'(O,a)=e-2"«7r(a), a'(0, a) = e-2°o|7r(a)|. ^ ' 

Here v'(cr) and 7r(cr) are some functions corresponding to the initial field and momentum, 
respectively. Under these initial conditions, the constraints "H and V are non-zero, but 
their relative magnitudes tend to zero with oq ~^ — oo: 



e-2°ovr2(a) 7r2(a) 



2„ 2/ ^ e2"«^^^0. (56) 

It should be noted, that the scale factor a = exp(a) can be collapsing (i.e. decreasing 
function of time) at some instant but, certainly, remains always positive. 

The quantization of the initial conditions consists in the postulation of the 
commutation relation 

[7f{a)0{(x')] = -t6{a - a') 

for the operators on the right hand side of Eq. fl55|) . It is worth to note, that a{T, a) is 
c-number at the initial moment of time. 

Since the momentum constraint is disregarded, the WDW equation in the vicinity 

of a -T- — oo is written as 

«^-^^) *'"■"' = "• (") 

where the functional ^[a, ^p] can be represented as 

^[a, v]= f C[n] e/(-^A^pl-(-)l"(-)+*-W¥'(-))'i- Vn, (58) 



and a mean value of an operator becomes 

<7/'|i[a,7r,ii|^>= /c*[7r]e*"«~^l"(")l'^"ie-^"°^l"(")l'^"C[7r]p7r . (59) 

on J ao-^-oo 

Also, it is convenient to use the Wigner function [32] 

p[n, if, ao] = [ C*[2n - g]C[g]e/(-^"o|gWI+*«o|27r(a)-g(a)|+2i(g(a)-^(a))^(a))dap^^ ^gQ) 
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and the Weyl symbol A[tt, (p] = W[A]. The latter can be calculated in accordance with 
the following rules: 

.1 /.A A .\, /I /•/ (5 6 



W[1{aB + bA)] = cos[IJ[ 



6ipi{a) 6-K2{cr) (61) 

da) A[7ri,(pi]B[7r2,(p2] 



■7ri(cj-) — 7r2(o-) — 7v(a) 



6(p2{a) 6TTi{a) J J 

Using the Weyl symbol and the Wigner function allows calculating a mean value of an 
operator: 

< 1^1 >= j A[k,ip,ao]p[k,ip,ao]VkVipl^^^_^. (62) 

To obtain some rough estimations, let's consider the classical solution (I54p of Eqs. 
dH]) as the Weyl transform of the solution of operator equations. In the next order, 
the quantum corrections to the zero-order Weyl symbols will arise. The investigation of 
the minisuperspace model [12] has demonstrated that the quantum corrections to the 
Weyl symbols are not substantial and the quantum effects are contained mainly in the 
Wigner function. 

As the next step, it is required to interpret a sense of the limit ao -^ — oo. Let's 
consider the mean value of <^(cr) = z ^^, , , which can be written as 

< \0(a)\ >= /"c*[7r]e^"°^l"(")l'^"(^(a)e-^"°^l"(")l'^"C[7r]p7r 

r / ( ) \ (63) 

= j C*[7r] (m, «o^|^ + Vi^)] C[7r] Pvr, 

where ao does not tend to — oo yet, since the result is divergent at this stage. One 
can see from the Eq. fl63|) that, instead of using the state e~*"°-' ''^^'^-"'^'^C[7r] in 
calculation of the mean value, one can take the C[tt] state but with the replacement 
(p{cr) — )■ Mpaoi^feyT + 'fi'^)- As a rough approximation, one can make this substitutions 
in the Weyl symbols ( 15^ bearing in mind that the mean values of observabales are to 
be evaluated by the ordinary quantum mechanical Wigner function (compare with 06OI) ) 

p[tt, ip]= f C*[2n - g]C[g]e^(2ito(a)-.{a))^W)dap^_ ^g^^. 

Taking into account that 

j_ 'p('^) ^f vi'^) I „,, TT ^ I "£(£0 /l , / TT \ 1 / 71 



p -^ e V Mp - ""My = e ^h -e^'"" 1 + ^ + -e+"" 1 - ^ 

\2 V |7r|/ 2 V |7r| 

in the limit a^ — )■ — oo, the Weyl symbols fl54|) are reduced to 



2 ^\ V V k(^-^)ly V |7r(a + r) 

+ ^ /''^V(0 + k(OI)e^"^^^rfe) - ln(e-^^(^-^) (l + ^|^^) (65) 
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a r, a) 






+ iW" y ^""^^^ + k(0 De^^^'^^e ) + In ( e"^^^'^-^^ ( 1 + ,J^ ^(, ) (66) 



The "reduced" Weyl symbols 0(r, a), Q;(r, a) do not contain oq, that is all 
divergencies arising under ao ^ —oo remarkably cancel each other. This means that 
the normalization of the wave function by choosing the a{a) = Oq ~^ "Oo plane in 
the Klein-Gordon scalar product and the quantization rules for the quasi-Heisenberg 
operators are compatible. 

Besides, 0(r, a), a(r, a) satisfy the equation of motion (jS]). At the same time, Eqs. 
(TT4|) . (TT5|) for the constraints do not obey the "reduced" solutions (!65|) .( l66|) : 

e'^ {-Ml&'' - Ml{d^&f + 0'^ + {d^~^f) = l(7r(a + r)^'(a + r) ^^^^ 

-7i{a -T)ip'{a -t)), 

e^^{Mla'd„a - 0U0) = \ (vr(a + T)^'{a + r) + Ti{a - T)^'{a - r)) . (68) 



More exactly, the "Friedmann equation" flMl) is satisfied at r = 0, whereas Eq. flTSl) 
is never satisfied. However, for the states Cfvr] possessing an uniformity "at the mean" 
such that the mean value of the function gradient ^'{C) is zero, the constraints are 
satisfied "at the mean", as well. 

Unlike (1M|1 . the solutions ( 1^ . (1^ are discontinuous functions: there is a gap in the 
vicinity of 7r(a) = 0. Since it is difficult to deal with the piecewise continuous functions, 
it is reasonable to restrict oneself to the functionals C[k] admitting only positive initial 
moment ums. The instance is 

. , _ J exp (/ {-u{a - a')-K{a)-n{a') - v{a - cr')/{'K{a)n{cr'))) dada') , n{cr) > 
^^"^~\ 0, vr(a)<l, 

where u{cr), f (cr) are some positive functions. For a positive vr(cr), the "reduced" Weyl 
symbols f l65|) . fl66|) result in 

0(r,a) = lMJln(-^ r'^\{Oe^''^^^d^) -In (e"^'"^''""^ + e"^''^''+"^) |, (69) 

5(r,a) = Uln(-i- /''^^(Oe^'^^^^de) + In (e^^'^^'^-"^ + 6-^'^^'^+")) |. (70) 

Z K \ZIVlp J fj^j- / V /J 

Now, one may calculate the evolution of observables. For C[tt], it is possible to 
take a squeezed state giving a small initial momentum vr(cr) and a large initial field 
(P{(t) due to the uncertainty principle. However, the numerical calculations including 
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the functional integration still turn out to be complicated. Thus, one has to come to 
the next simplifications. Let's replace the quantum averaging by the spatial integration 

<G>=^ r^ G(7r(a), ^(a)) da, (71) 

and take the initial momentum and field in the form of 

7r(o-) =p, 

ip{a) = A cos{uj a) , (72) 

where p > 0, a; ~ Mp, and A -C Mp are some constants. 

First of all, it is of interest to describe a vacuum state. However, a scalar field is 
strongly "mixed" with a scale factor variable in the system considered. Thus, one may 
hardly expect to find a state like that of the ordinary QFT. It seems, that obtaining of 
such a state needs to consider a number of scalar fields in the hope that their mutual 
effect on a scale factor would result in an analog of the QFT vacuum at a smooth classical 
background. But the analytical solution does not exist in the case of multiple scalar 
fields. Thus, we explore only a peculiar feature of vacuum state, namely, a fiuctuation 
with the frequencies up to the Planck mass. 

Let us use ( I69|70f71ll72|) for calculation of the mean values of the following quantities 

1 

<a >^ ;— + ... 
It 

,2 1 ^'^' 

< a >^ \ h . . . 

4r2 16M2 

<(^^")^"l6M| + --- 

Mp2 < '^ >~ 4^2 + IQM2 + • • • 

where ellipsis denotes the higher-order terms on -t^-. One can see, that < a'^ > contains a 
fiuctuating term. On the other hand, the fiuctuations do not affect an average evolution 
described by < a' >. It should be noted, that the sum -^ < {4>'{t, a)) + {d^cp^r, a)) > 

equals approximately to < (a'(r, a)) + (9o-Q;(r, a)) >. Thus the fluctuating terms 
compensate mutually each other in the mean value of the Hamiltonian constraint T-L 
and this solves a part of the cosmological constant problem. 

The idea of such a compensation was suggested in [331135] but beyond a concrete 
quantization scheme for the GR. In the sequel, the results of stochastic classical analysis 
suggest to refuse this idea [36] and to assert that the metric conformal fluctuations 
do not result in the cancellation of vacuum energy. Fact of the matter is that it is 
possible to choose the scale factor to be spatially uniform in the classics owing to the 
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diffeomorphisin invariance. In other gauges, the additional terms in the momentuni- 
energy tensor appear. These terms contain the scale factor derivatives, but they are the 
total divergences and disappear after averaging in agreement with Ref. [37j. However, 
the scale factor is a spatially nonuniform operator in our quantization scheme and cannot 
become uniform owing to a gauge transformation. Thus, one may conjecture that the 
mutual compensation of fluctuating terms in GR can exist in the quantum case in spite 
of its hiding in the classics. 

The second part of the cosmological constant problem is to explain the accelerated 
universe expansion. The difference j^ < {(p'ij.a)) — {da(p{T,o-)) >^< («'(r, cr)) — 

(9o-a(r, cr)) >, so that 

< «" >''^< (9Mr, cT)f - {<j>'{T, a)f >^ -^. (73) 

Hence one may conclude, that the acceleration of the universe expansion is determined 
by the mean value of the difference of potential and kinetic energies of field oscillators 
[381 - HO] . However, there is no accelerated universe expansion in the case considered here 
in contrast to Ref. [381 - HO] . where the quantum fields against a classical background are 
analyzed (also, see [H] where the virial theorem for a vacuum state is discussed). As it 
has been mentioned, a possible source of this problem is that a sole scalar field under 
consideration is mixed too strongly with the background. Another reason is that the 
estimation is too rough and does not take into account an explicit structure of quantum 
states. 

5. Discission and Conclusion 

The quantization scheme for some particular case of the string in a curved background 
space has been proposed. This scheme is adapted for quantization of the systems 
possessing a global evolution. The typical feature of such quantization is that we use 
the hyperplane a = and the initial condition for the quasi-Heisenberg operators at the 
initial moment of time, that allows a considerable simplification of the WDW equation 
as well as the formulation of operators. One may hope, that such a method can be 
useful for the quantization of GR owing to solvability of the WDW equation in the 
vicinity of a = 0. It should be noted, that, if the wave function obeys the WDW 
equation, there exists no an equivalent Schrodinger picture for this quantization scheme. 
Although finding of a solution of operator equations for the quasi-Heisenberg operators 
is extremely difficult task, it can be made numerically hereafter. 

Since the constraints are imposed as the operator equations at the initial moment 
of time, a certain operator ordering is required in the operator equations of motion to 
provide the conservation of constraints during a quantum evolution. Otherwise, the 
constraints will be violated during an evolution due to quantum noise arising from the 
operator noncommutativity. 

The heuristic estimations for a quantum string in the (l+l)-dimensional 
background space with the weakened constraints have been developed. It has been 



An inhomogeneous toy model of the quantum gravity 17 

found, that the quantum oscillations of the scale factor compensate the oscillations of 
the scalar field. Thus, the cosmological constant problem may not arise if the scale 
factor is quantized in a proper way. It has been shown, that the mean value of the 
universe acceleration expansion is proportional to the difference of potential and kinetic 
energies of field oscillators, but this topic needs more careful investigation hereafter. 
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